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Abstract. In this work, we established the approximate controllability of second-order (¢ € (1,2])
nonlocal impulsive fractional stochastic differential equations with infinite delay and Poisson jumps in
Hilbert space.The approximate controllability of the established control system is evaluated by using
the g-order cosine family of operators, stochastic analysis techniques, a new set of sufficient conditions
are derived for the approximate controllability. Finally an application is added to illustrate the main
theory.
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1. INTRODUCTION

During the last few decades, fractional differential equations and their applications, we refer to the
monographs [20, 23, 30, 37] and references cited therein have occupied a lot of important field that
has become a powerful tool in modeling several complex phenomena in numerous seemingly diverse
and widespread fields of science and engineering [4-11]. Controllability plays a very important role
in various areas of engineering and science. In particular control systems contains many fundamental
problems of control theory such as optimal control, stability can be solved with assumption that the
system is controllable [3, 22]. In the infinite dimensional systems, two basic concepts of controllability
are exact and approximate controllability. This is strongly related to fact that in infinite dimensional
spaces there exist linear subspaces, which are not closed. Exact controllability enables to steer the
system to arbitrary final state while approximate controllability is weaker concept of controllability

and it is possible to steer the system to an arbitrary small neighborhood of the final state (see, for
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example, [4, 12, 26, 42, 46]). Second order integer and fractional order differential systems with im-
pulses has received more and more attention very recently, see the monographs of Lakshmikantham
et al. [21], the papers [2, 15, 24, 29, 39], and the references therein related to this matter. A natural
extension of a deterministic differential equation model is a system of stochastic differential equations
(see the monographs of Astrom [1]), where relevant parameters are modeled as suitable stochastic
processes. This is due to the fact that most problems in real-life situations are basically modeled by
stochastic equations (see [9, 12, 13, 45]) rather than deterministic [10, 19, 36, 37]. The existence and
controllability of second order integer and fractional order stochastic differential equations in infinite
dimensional spaces have been established by many authors [13, 16, 25, 33, 43, 44]. Kexue et al. [19]
studied controllability of nonlocal fractional differential systems of order a € (1,2] in Banach spaces.
Muthukumar and Thiagu [27] proved the existence of solutions and approximate controllability of
fractional nonlocal stochastic differential equations of order ¢ € (1, 2] with infinite delay and Poisson
jumps in Hilbert spaces by using fixed point theory and natural assumption that the corresponding
linear system is approximately controllable. Hence the problem of existence of solutions and approx-
imate controllability for nonlinear fractional impulsive stochastic differential equations with nonlocal
conditions and infinite delays has been studied by several authors were received significant attention in
modern days (see [9, 10, 12, 35, 40] and references therein). Moreover, fractional stochastic differential
equations with Poisson jumps are discussed by many authors [27, 34, 38, 41].

Motivated by [19, 27, 28, 33], we address the sufficient conditions for ensuring the approximate con-
trollability of second-order (1 < ¢ < 2) nonlocal impulsive fractional stochastic differential equations
with infinite delay and Poisson jumps in Hilbert space described by

t

°Dix(t) = Az(t) + Bu(t) + f(t,xt, /Ot o(t, s,xs)ds> —|—/ g(7, z;)dw(T)

— 00

+/ b(t, 2, n)N(dt,dn), teJ:=[0,b \{t1,....tn}
Z

xo(t) = ¢(t) + m(zyy, ..., 2, ) (), tE€ (—00,0],
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Here, the state variable z(-) takes values in a real separable Hilbert space H with the inner product
(-,-) and norm || - ||g. The fractional derivative “Df, 1 < ¢ < 2 is understood in the Caputo
sense. Let 0 = tg < &1 < tg < ... < t, < b be the given time points. Also A : D(A) C H - H
is the infinitesimal generator of a strongly continuous g-order cosine family C,(¢) on H. Let K be
another separable Hilbert space. Let {w(t)}s>0 be a given K-valued Wiener process with a finite
trace nuclear covariance operator Q > 0. Let ¢ = {q(t) : t € Dz} be a stationary §,; Poisson point
process with characteristic measure A. Let N(dt, dn) be the Poisson counting measure associated with
g. Then N(¢,7) = DZ 3 I7(4(s)) with measurable set Z € B(K — {0}), which denotes the Borel
s€Dg,s<t

o-field of K — {0}. Let N(dt,dn) = N(dt,dn) — dtA(dn) be the compensated Poisson measure that
is independent of w(t). Let P([0,b] x Z; H) be the space all mapping x : [0,b] x Z — H for which
fé’ [ Ellx(t,m)||3dtA(dn) < co. We can define the H-valued stochastic integral fob I, x(t, n)N(dt, dn),
which is a centred square integrable martingale. We can also employing the same notation | - || for
the norm of L(K, H), which denotes the space of all bounded operators from K into H. Simply L(H)
if K = H. The histories x; represents the function defined by z; : (—00,0] — H, 2:(6) = z(t+0), for
t > 0 belong to some phase space B defined axiomatically. Further o : JxJxB — H, f : JxBx H —
H,g:JxB— Lgo(K,H)and h:J x Bx Z — H are nonlinear functions. Here Lq (K, H) denotes
the space of all @Q-Hilbert Schmidt operators from K into H. Moreover the function m : H™ — H
and and n : H — H,where 0 = tg < t; < t3 < ... < t,, < T, m € N are continuous functions. For
example

m(zy,, .., 3p,)(t) = Y Ciz(ti + 1),z € B,t € (—00,0],
=0

where C;(i = 1,2,...,m) are constants. Ij, and I}, : H — H are appropriate functions. The symbol
A((t) represents the jump of the function ¢ at ¢ which is defined by A((t) = ((tT) — ((t7). The
initial data ¢ = {¢(t) : t € (—00,0]} is an Fo-measurable B-valued stochastic process independent
of Brownian motion {w(t)} and Poisson point process ¢(-) with finite second moment. Further £(t)
is an §;-measurable H-valued random variable independent of w(t) and Poisson point process ¢ with
finite second moment. In this work we will employ an axiomatic definition of the phase space B
introduced by Hale and Kato [17]. The axioms of the space B are established for Fy- measurable

functions from Jy into H, where Jy := (—00, 0], endowed with a seminorm | - |z and satisfying the

following axioms:
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(a) If  : (—o0,b) — H,b > 0 is continuous on [0,b) and zy € B, then for each t € [0,0) the
following conditions hold,
i) xy € B,
i) ()] < K s,
i) ||zells < Ka(t)||zolls + Ks(t)sup {||z(s)|; 0 < s < b} where K; > 0 is a constant, Ko :
Ry — Ry is a locally bounded function, K3 : Ry — R, is a continuous function.
Moreover K1, K5(+), K3(-) are independent of z(-),
(b) For the function z(-) in (a), x; is a B- valued continuous functions on [0, b),

(¢) The space B is complete.

Example 1.1. Letr > 0. 1 < ¢; < 0o and let h (=00, 7] = R be a nonnegative measurable function
which satisfies the conditions (H5) — (H12) in the terminology of Hino et al. [18]. Briefly, this means
that h is locally integrable and there is a non-negative, locally bounded function v on (—o0,0] such
that h(&1 4 11) < v(&)h(ry) for all & <0 and 71 € (—o0, —7) \ Ng,, where Ne, C (—o0, —r)is a set
whose Lebesgue measure zero. We denote by C, X L, (E, H) the set consists of all classes of functions
@ (—00,0] — H such that ¢|[_o € C([-7,0], H), () is Lebesgue measurable on (—oo,—7), and
h||p||® is Lebesque integrable on (—oo,—r). The seminorm is given by

. ER

lells = sup<0H<p(ﬁ)|+</7L(ﬁ)||¢(n)|‘“dn) 1

—TrsT1S
— 00

The space Cp. x Lg, (h, H) satisfies azioms (a)-(c). Moreover when r = 0 and ¢ = 2, We can write

2

[
K1 =0, Ky(t) = y(—t)2 and Ks(t) =1+ ( Ik h(Tl)dﬁ> fort >0 (see [18]).
Zt
The B- valued stochastic process x; : 2 — B,t > 0, is defined by setting
x = {x(t + s)(w) : s € (—00,0]}.

The collection of all strongly measurable, square integrable H valued random variables, denoted by
Lo(Q,F,P; H) = L5(2; H), is a Banach space equipped with norm ||z(+)||z, = (EHx(,w)H%)%, where
the expectation, E is defined by E(h) = [, h(w)dP. Let J; = (—o0,b] and C(Ji,L2(%; H)) be the
[

Banach space of all continuous maps from .J; into L£o(€2; H) satisfying the condition sup E||z(¢)|* < oo.

tedy
Let Z be the closed subspace of all continuous process x that belong to the space C(Jy, L2(Q; H))

consisting of F- adapted measurable process and F,- adapted processes ¢,& € Lo(£2,B) and the

IJSER © 2021
http://www.ijser.org



International Journal of Scientific & Engineering Research Volume 12, Issue 4, April-2021
ISSN 2229-5518

Fractional stochastic differential equations with Poisson jumps 5
restriction x : J — L2(9, B) is continuous. Let || - ||z be a seminorm in Z defined by
2 _ 2
lzllz = sup [zl
teJ

where,

2|z < K2E| ¢l + K3 sup {E|z(s)]?},
0<s<b

Ko = sup{K»(t)} and K3 = sup{K3(t)}. It is easy to verify that Z furnished with the norm topology
teJ teJd

as defined above is a Banach space.

2. PRELIMINARIES

Let (2,F,P) be a complete probability space furnished with complete family of right continuous
increasing sub o-algebras {F; : t € J} satisfying § C §. An H-valued random variable is an
§-measurable function z(t) : €@ — H and a collection of random variables S = {z(t,w) : Q@ —
H|ie s} is called a stochastic process. Usually, we suppress the dependence on w € € and write x(t)
instead of z(t,w) and x(t) : J — H in the place of S. Let £,(t) (n = 1,2,...) be a sequence of
real valued one-dimensional standard Brownian motions mutually independent over (2, §,P). Set
w(t) = f: VAnBn(t)en,t > 0, where A\, > 0 (n = 1,2,...) are non-negative real numbers and
{en} (n 71::11,2, ...) is complete orthonormal basis in K. Let @ € L(K, K) be an operator defined
by Qe, = Ane, with finite Tr(Q) = i An < 00, Tr(Q) denotes the trace of the operator Q.
Then the above K-valued stochastic pron;s;s w(t) is called a @Q-Wiener process. Let us assume that
§t = o(w(s) : 0 < s < t) is the o-algebra generated by w and §; = F. Let ¢ € L(K, H) and define
lolle=Tr(eQe*)= il IVAngen|®. I |lollg < oo, then ¢ is called a Q-Hilbert Schmidt operator.
Let Lo(K, H) den(:ﬁc;:s the space of all Q-Hilbert Schmidt operators ¢ : K — H. The completion
Lqo(K,H) of L(K,H) with respect to the topology induced by a norm | - |o, where [l¢[3=(e, ¥)
is a Hilbert space with the above norm topology. Let C be the closed subspace of all continuously
differentiable process that belong to the space C(J, L2(Q; H)) consisting of Fi-adapted measurable
process such that §p-adapted processes ¢, & € L2(Q, B).

Let B(H) be the space of all bounded linear operators on H. Let I be the identity operator on H.
If A is a linear operator on H, then R(\, A) = (M — A)~! denotes the resolvent operator of A. We

can use the notation

o1
ka(t) = T3’ t>0, >0
IJSER © 2021

http://www.ijser.org



International Journal of Scientific & Engineering Research Volume 12, Issue 4, April-2021
ISSN 2229-5518

6 Krishnan Thiagu

where I'(8) is the Gamma function. If 8 = 0, we set ko(t) = 6(¢), the delta distribution.

Definition 2.1. [19] The Riemann-Liouville fractional integral of order ¢ > 0 is defined by
t
Jiz(t) = / kq(t — s)x(s)ds,
0
where z(t) € £1([0,b]; H).
Definition 2.2. [19] The Riemann-Liouville fractional derivative of order 1 < q < 2 is defined by
> 5
Dixz(t) = pro) 2T (1),
where z(t) € L1([0,b]; H), Dix(t) € L1([0,0]; H).
Definition 2.3. [19] The Caputo fractional derivative of order 1 < q < 2 is defined by
“Dix(t) = Di(a(t) — 2(0) — 2’ (0)t),
where x(t) € L£1([0,b]; H) N CL([0,b]; H), Dix(t) € £1([0,0]; H).
The Laplace transform for the Riemann-Liouville fractional integral is given by
L)) = 51 ()
t )\q L
where xp,(\) is the Laplace transform of = given by
zr(A) :/ e Ma(t)dt, Rel > wp.
0
The Laplace transform of the Caputo derivative is given by
L D{z(t)] = Mar(\) — z(0)AT! — 2/ (0)A9~2

Consider a class of fractional differential system with infinite delay

°Dix(t) = Az(t) + Bu(t), t€]0,b],

z(0) =20 € H,
2'(0) =z, € H, (2)
IJSER © 2021
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where g € (1,2], ¢Dj is the Caputo fractional derivative, A is the infinitesimal generator of a strongly
continuous g-order cosine family {C,(¢)}+>0 on the Hilbert space H, the state values z(-) takes values
in H, the control function wu(-) is given in L£o(J,U) of admissible control functions with U, a Hilbert

space, B is a bounded linear operator form U into H.

Definition 2.4. [14] The infinitesimal generator A : H — H of {C(t) : t € R} is given by Ax =
j—;C(t)xh:O for all x € D(A) = {z € H : C(-)x € C*(R; H)}. It is known that the infinitesimal
generator A is closed, densely defined operator on H for cosine and corresponding sine families and

their generators.

Definition 2.5. [19] Let ¢ € (1,2]. A family {Cy(t)}i>0 C B(H) is called a solution operator (or
a strongly continuous g-order fractional cosine family) for the above problem (2) if the following

conditions are satisfied

)
)D(A) € D(A) and AC,(t)xg = Cy(t)Axg for all xg € D(A), >0,
)xo is a solution of x(t) = zo + fo (t — s)Az(s)ds for all zy € D(A), t>0.

A is called the infinitesimal generator of Cy(t). The strongly continuous g-order fractional cosine
family is also called g-order cosine family.

The corresponding fractional sine family S, : Ry — B(H) associated with Cj, is defined by S, (t)z =
qu(s)mds fort >0,z € H.
0

Definition 2.6. The fractional Riemann-Liouville family T, : Ry — B(H) associated with Cy is
defined by

Ty(t) = Ji Cylt).

Definition 2.7. The g-order cosine family Cy is called exponentially bounded if there are constants

M > 1 and wg > 0 such that
ICo (Ol < Meot, ¢ 0,

An operator A is said to belong to CU(M,wy), if the problem (2) has an q - order cosine family C,(t)

satisfying the above inequality.
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Assume A € C9(M,wp) and let Cy(t) be the corresponding g-order cosine family. Then we have
MR Ay = / e MO, (t)xzodt, Rel >wy, o€ H,
0
NT2R(N, A)xg :/ e*)‘tSq(t)xgdt, Re) > wy, g€ H,
0
R(M\, A)xg :/ e_)‘th(t)xodt, ReX > wy, w0 € H.
0
Based on the result in [19], the function z € C([0,b]; H) is called a mild solution of (2) if x satisfies
t
2(8) = Cy(8)z0 + S, (£)21 + / T,(t — s)Bu(s)ds, e
0

Also consider the linear equation

°Dilx(t) = Az(t) —I—Bu(t)+f(t)+/ / b(t)N (dt,dn),
+ Y L(w)+ Y Te(we),k

O<trp<t 0<trp<t

Il

—_
S

~
=)
=
_—
~

o~
=
~
3
—

xo(t) = ¢(t) + m(zey, ..., e, ) (), tE€ (—00,0],

2'(0) + n(z) = ¢
Taking Laplace transform, we get
ATZ(N) — 2(0)ATL — 2/ (0)AT~2
= AZ(N) + Ba(A) + f() + /t / BN (dA, dn)
+ 3 D)+ Y Tulan) k=T,

0<trp<t 0<tp<t

where Z(\), @(A), f(A), G(A), B(N), I, and ?k are the Laplace transform of z(t), u(t), f(¢), g(t), b(t),

I), and I}, respectively. Then we have

~

NZ(N) = 2(0)AT + 2/ (0)AT2 + AZ(\) + Bu(\) + f(N)

+/t /b N(d), dn)

+ Z Ik 33)\k Z Ik(x,\k),kzl,n,

0<trp<t O<tp<t

IJSER © 2021
http://www.ijser.org



International Journal of Scientific & Engineering Research Volume 12, Issue 4, April-2021
ISSN 2229-5518

Fractional stochastic differential equations with Poisson jumps

Again we can be written as
z(t) = 2(0)R(AL, AN + 2/ (0)R(N?, A)NT2
+ Bu(AM) R\, A) + F(A)R(A, A)

+/ R(AY, A)A(A)dw(AH/Zh( YR, A)N (X, dn)

+ Z /\q A Ik Z‘)\k) + Z R(/\q,A)Tk(x,\k),k =1,n.

O<trp<t O<trp<t

From the property of Laplace transform, we get

z(t) = Cq(t)(9(0) + m(zy,, ..., 24, )(0)) + 54 () (§ — n(x))

+ / T,(t — s)Bu(s)ds + /0 Ty(t—s)f(s)ds

0

+/tT(t—s)[/t 9(r)duo ()] ds

—00

/ / (t — 8)b(s)N(ds, dn)

+ Z t—tk I, xtk)—&- Z Tq(t—tk)jk(xtk),k‘z R

0<tp<t 0<trp<t

Definition 2.8. [27] An H-valued stochastic process {x(t) : t € (—o0,b]} is said to be a mild solution

of the system (1) if

(i) =(t) is §¢-adapted and measurable for t > 0,

(ii) =(t) is continuous on [0,b] almost surely and for each s € [0,t), the functions f, g and b are

integrable such that the following stochastic integral equation is satisfied
2(t) = Cylt) (9(0) + m(2,, -, ,,)(0)) + S,(1)(€ — n(x))

+]Tq(ts)f(s,xs,/os U(s,T,:z:T)dT)derO/th(ts)Bu(s)ds

S

0
+/th(t—s)[/Q(Taxf)dw(T)}dS

t
o/
0

T,(t —s)h(s xs,n)ﬁ(ds,dn)

N—
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+ Y Tt =t I(ze) + D Tyt —ti)Tk(zy,). b =Ton.

0<ty <t 0<ty<t

(iil) zo(t) = @(t) + m(ws,, ..., xy, )(t), t € (—00,0], 2'(0) + n(z) = &.

In order to prove the theorems, we need the following hypotheses:

(Hy) A is an infinitesimal operator of a strongly continuous g-order cosine family {Cy(t) : t > 0}
on H. Also ||T,(t)|| < M, ||Cq(t)]| < M and [|S4(t)|| < Mg. Moreover the operatorsTy(t),
Cy(t) and S,(t) are compact for t > 0.

(H2) A is the infinitesimal generator of a strongly continuous g-order fractional cosine family
{Cy)}30 on H.

(H3) The operator B is the bounded linear operator from Ly(J;U) to Lo(J; H).

(H4) The functions m : H™ — H and n : H — H are continuous, satisfy the Lipschitz conditions

and there exists positive constant My,,My > 0 such that

Em(x) — m(y)|3 < Mz -yl

En(z) —n(y)l7 < Mallz —ylz

forall x, y € Band t € J.
(Hs) The nonlinear functions f, g satisfies the Lipschitz condition and there exists positive constants

My, , M¢,, My > 0 such that

1 (8, o1, 1) = (02, 22) 17 < My, 01 — ol + My, 21 — 2|7,

lg(t,21) — g(t, z2)|* < Mylz1 — 223,

for all x1, 9, 1,902 € B and t € J.

(Hg) For each ¢ € B, Ki(t) = ali_)rrolc _fi g(s,p)dw(s) exists and is continuous. Also there exists a
positive constant M}, such that E|| K1 (¢)||% < M.

(H7) The nonlinear function h satisfies the Lipschitz condition and there exists a positive constants

My, Ly > 0 such that

/ 1G22, 1) — Bt 22 m) [PA(dn)dt < Myjr — 23,
/ 16(t, 21,7) — B(t, 22, ) [*\(dn)dt < Ly s — ]},
IJSER © 2021
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for all 1,29 € Band t € J.
Under the above hypotheses, for each v € £5(0,b; H) there exists a unique mild solution
z(v) = Cq(t)(0(0) + m(zy,, .., 21,)(0)) + S (1) (€ — n())

t t

+/Tq(t—s)f(s,xs,/osa(s,r,xT)d7'>ds+/Tq(t—S)Bu(s)ds

0 0
—l—/Tq(t—s)[ / g(T,:BT)dw(T)}ds—i—//Tq(t—s)h(s,aﬁs,n)ﬁ(ds,dn)
0 —0oo 0 z
+ Y Tyt -t () + > Tyt — to)Tk(zy,), k=T n. (3)
0<tr <t 0<tr<t

The solution mapping Y from Lo(J; H) to C(J; L2(2, H)) can be defined by T(v)(t) = x+(v)(+). Now

we define the continuous linear operator © from Lo(J; H) to L2(2, H) by
b

Op = / Ty(b—s)p(s)ds, for pe Lo(J;H).
0

Definition 2.9. Let the reachable set of the system (1) at time b be Ryp(f,9,5) = {zp(Bu); u €
Lo(J;U)}, where x4(Bu) is a mild solution which satisfies with v = Bu.

Definition 2.10. The system (1) is said to be approximately controllable on J if Ry(f,9,h) =
Lo(Q, H), where Ry(f,g,h) is the closure of Ry(f,q,h). Therefore, for every ¢ > 0 and ¥ € D(A)

there exists a control u € Lo(J;U) such that

EJW — Cy (1) (4(0) +m(ar,, s 22,)(0) ) = Sy(t)(€ — n(x)))

- /0 Ty(t = ) |/ (5, 24(Bu), /0 (s, 7yw)dr ) | ds

_ /Ot T,(t—s) {/3 g(T, xS(Bu))dw(s)] ds — /Ot /Z Ty(t — s)b(s, zs(Bu),n)N(ds, dn)

— 00

= Y Tt —te)l(zy) — Y Tyt —te)I(es,) — O(Bu(s)| <

0<tp<t 0<trp<t

where x¢(Bu) is a solution of (1) at time t.

Now, we introduce the following assumptions (see [25, 32]). For any given e > 0 and p(-) € La(J; H),

there exists some u(-) € Lo(J;U) such that

(A1) ||©p — ©Bu||lg <,

IJSER © 2021
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(A2) |1Bu()|lzo(rimy < q1||p(~)H£2(J;H), where ¢; is a positive constant independent of p(-),

(A3) the constant ¢ satisfies

816* MK 5(Tr(Q) M, + (My + /Ly))
X exp {4b2M2{F3(Mfll + M, K3) + 2(Mg + Tr(Q)MyK3) + 2K 3(My + JLT,)}} <1

First, we show the approximate controllability of the corresponding deterministic system of (1) with

g=0and h=0.

Lemma 2.11. (see [32]) Under the Hypotheses (Hy) — (H7) and (P1), R(0,0) = H.

Proof. Since the domain D(A) of the operator A is dense in H (see [31]), it is sufficient to prove

that D(A) C Ry(0,0), that is, for every given € > 0 and ¥ € D(A) there exists a u(-) € L3(J;U) such

that
E|¥ — K(b; ¢,£) — O(Bu)||* <, (4)
where

K(b:6,€) = Cy() (9(0) + m(w,, ei1,,)(0)) + S, (D)€ ~ n(a))
+ Y Tt —te) () + D Tyt — ti) k()

0<trp<t 0<tp<t
Let ¥ € D(A), then ¥ — K(b;¢,£) € D(A). So there exists some p € C(J;H) such that U =
fé) Sq(b — s)p(s)ds, where V=0 K(b; ¢,€). The assumption (A;) implies that for any given e > 0,

there exists a control function u(-) € L4(J; U) such that
E|¥ — O(Bu)|? < e

By putting the value of W, we obtain (4), since € is arbitrary. We conclude that R(0,0) C D(A).
The denseness of the domain D(A) in H implies the approximate controllability of the corresponding

system (1) with g =0 and h = 0. O
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Lemma 2.12. Let u; and ug be in Lo(J;U). Then under the Hypotheses (Hy) — (Hz), the solution
mapping T (Bu)(t) = x(Bu)(t) of (1) satisfies

E|jzy(Buy) — z(Bus)||? < 4b*M? exp {4b2M2{F3(Mflz + M, Ky) +2(M + Tr(Q)M,Ks)
+ 2K (M + /L) } YE| Bur = Bual sy

Proof. Let y(-,¢) : (—00,b] = L2(9, H) be the function defined by

¢(t>7 t € Jo,
y(t, ¢) =
Cy®)(6(0) + m(ar,, .., 20,)(0)), tE J

Denote y(t, ¢) by y(t) with the continuous map ¢ — y;. Next, for each z € C(J; L2(2, H)), 2(0) = 0,
we denote z the function defined by z(6) = 0, for § < 0 and Z(t) = 2(¢), for 0 < ¢ <.
So, if z(v)(t) satisfies (3), we can decompose it as z(v)(t) = z(v)(t) +y(t), for 0 < ¢ < b, which implies

that z;(v) = Z(v) + y¢, for 0 <t < b and for each v € L5(J; H) and that the function z(-) satisfies
t s
2(t) = S4()(€ — n(2))) +/ Tyt =) (s, 5(w) + ys,/ 05,720 () + yo)dr) | ds
0 0
t s
+/ Tt - o) [ orEw) + y)des)]ds
0 —oo
t ~
+ [ Tt [ b(s,30) + eV (s, )
0 z
¢
+/ T, (t — s)v(s)ds.
0
Thus for each uy,us € Lo(J;U), it is clear that for 0 < ¢ < b,
El|z(Buy) — w¢(Bus)|”
= E[|(Z(Bu1) +ye) — (Z(Buz) + )|,

< Ell3(Bu) ~ 5 (Bu)|”,
<sfmn | 1yt ([ (5. 3Bun) + | ot rz ) + )
< H (B e [ ol E (Bu) + ) ar) s

+E /0 T, (t = )g(s, Zs(Bur) + ys) — 9(s, Z5(Buz) + ys)ldw(s)||®
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t
B[ Tyt =) [ 19055 (Bur) + ) = 0o, 5 (Bua) + )V (s )P
+ IE||/ (t — 5)[Bus(s) — Bua(s)]ds|”}.
<4 {0 [ [7(s 580 + 0 KalulBur) +20)
- f(s, %,(Buz) + ys, K3(3s(Bus) + y))] ds||? + M2b*(2Mx + 2Tr(Q) M, K 5)
+ VMK 5(2My + 2\/LT,)}E|\33(Bu1) — 2(Bus)|* + 45 ME|| Buy — Buz||%, 0 511+
4{b2M2F3(Mf1z + MKy} + M2 (2My + 2Tr(Q)M, K )
+ VMK 5(2M, + 2@)}E|\z(3u1) — 2(Bug)||? + 46* M’E|| Buy — Bus|2, (g 4.11)-
< 4b2M2{E,(Mflz + My, K3) + (2My + 2Tr(Q)M,K3)

+ K3(2My + 2\/Lh)}EHz(Bu1) — 2(Buy)||? + 4b> M°E||Bu; — BuQ\|%2(07b;H).
By Gronwall’s inequality

Ellz (Bu1) — = (Bus)|?
< 402 M2 exp {4b2M2{F3(Mfll + My, K5+ 2(My + Tr(Q)M,K3) + 2K 5(My, + \/Lh)}}
x E[|Buy — Bu2||2£2(0,b;H)' .

Theorem 2.13. Under the Hypotheses (Hy) — (H7) and (A1) — (As), then the system (1) is approzi-

mately controllable on J.

Proof. Since by Lemma 2.11, R4(0,0) = H, to prove the approximate controllability of the system

(1) , it is sufficient to show that R;(0,0) C Ry (g, h). For this, let us take ¥ € R4(0,0), then, for any

given € > 0, there exists a control function u € L5(J;U) such that
€
E|[U — K(b; 6,€) — O(Bu) > < <. (5)

Assume that u; € Lo(J;U) be arbitrary given. By hypothesis (As), there exists some ug € Lo(J;U)

such that
b
E||©Bu — / Ty(b—s)g(s, xs(Buq))dw(s)
0

b
—/0 Tq(b—s)/Zh(s,xs(Bul),n)N(ds,dn)—@BquQ <= (6)
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From (5) and (6), we have
b
E||@ — K(b; 6, €) —/O Ty(b— 5)g(s, 24 (Bur))du(s)

b
—/ Tq(b—s)/ 0(s, z5(Buy),n)N(ds,dn) — ©Buy|* < %.
0 z 2

15

For ug € Lo(J;U) thus obtained, we determine wo € Lo(J;U) by hypotheses (A1) and (Ag) such that

b b
Bl [ 7,0 = 9)lo(s..(Bu)) — (s, (Bu)ds() + [ T,(0=5)

< [ (s (Buz).m) — (s, (Bun). )V (ds, d) — ©Bus* < .
Z

also, by (Ag) and Lemma 2.12, we have
b
BBl ) < 20 {T0(Q) [ Elg(s,o(Bua)) g, (Bun)|ds
0

b
$,Ts uz), - S, Ts uy), V S, 2 9
B [ [ (s (B n) = s, (Bun) )] s, )|}
< 2q1b2F3{TT(Q)Mg + (My + \/fh)}Eth(Bug) — 2¢(Buy) ||?,
< 802 M2K5(Tr(Q)M, + (My + /Ip)) exp {4b2M2{F3(Mfll + MK

+ 2(Mi + Tr(Q)MyK) + 2K (My + /Ty El| Buy = Bus |2, 0,10
Define ug = ug — we in L£o(J;U), which has the following property

b b

BV — K(b:6.6) — / Ty(b — 5)g(s s (Bus))duo(s) — / Ty )
b

< [ Do, (Bua). ) (ds. dn) = OB | < 2{E¥ ~ K(bi0.) ~ [ T,0-3)

b ~
X g(s, xs(Bul))dw(S) - /O Tq(b - 8) /Z h(8,$S(BU1), n)N(d57 dn) - @Bu2||2
b b
+E| / Ty(b - 8)[g(s,2(Bus)) — g(s, 24 (Bur))do(s) + / Ty(b— )
x / (s, 22 (Bua) n) — (s, o (Bu), m)] K (ds, d) — ©Bus|[*} < (o + o7 e

By mathematical induction method, there exists a sequence u,(-) € Lo(J;U) such that

b b
E||¥ — K(b; 9,) — /0 Ty(b—s)g(s,zs(Buy))dw(s) — /0 Ty(b—s)
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~ 1 1
X /Zh(s,xS(Bun),n)N(ds,dn) — OBuy1|? < (ﬁ + -+ W)e, n=12,...

E||Bunt1 — Bunl|2,(y;m) < 80:10° MPK3(Tr(Q) My + (My + /Ly))
X exp {4b2M2{?3(Mf1z + M, Ky) + 2(My + Tr(Q)M,Ks)

+ 2K (My + VIy)HE|Buy — Bun 1|2, )

Clearly, by hypothesis (Aj3), the sequence {Bu,;n = 1,2,...} is a Cauchy sequence in Hilbert space
Lo(J; H) and there exists some v € Lo(J; H) such that lim Bu, = v in L2(J; H). Therefore, for any

n—oo

2<L

given € > 0, there exists some integer N, such that E||©@Buy, +1 — 57

b b
E|¥ - K(b; 6,€) - / Ty(b— 5)g(s, 2a(Buy, ))du(s) — / T,(b— s) /Z (s, 2. (Bun,), )

b
(ds.dn) — OBux.||* < 2{ENW — Kb:0.6) = [ Tyfb = s)gls..(Bun)os)

x N
/ (b—s / b(s,zs(Bun.),n)N(ds,dn) — ©Buy,41||* + E[|©Buy, 41 —

1 1 1
= (27>Jr o +1)€+2(22)

This means that ¥ € Ry(g, h). Thus Ry(0,0) C Ry(g, k), hence the nonlinear system (1) is approxi-

mately controllable on J. ]

3. APPLICATION

Consider the following stochastic fractional system in the form

t
2

Diz(t,¢) = a 52(t,¢) + ao(t, Q)z(t, C) + ka(t, 2(£,€)) + / az(s —t)z(s, ()ds

+_4 ba(t)bs(s — t)z(s, ¢)dw(s) + /Z 77(_4 as(s —t)z(s, Q)ds)N(dt, dn)

2(t,0) = z(t,7) =0, 2'(t,0)=2'(t,7) =0, teJ,

Z(ta C) = (b(tv C)’ Zl(tv C) = £<t7 C)’ te (—0070],

(2

HMS

Cizlti +4,0)) (1) = G(t), 0<¢ <,
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m
’ ’
Z(t,0)=C(0)+> D, 0<(<m,
=1

[2(t5) = 2(60)1C = Tn(=(t))C = /0 (G 25, t))ds, K =1,2,.m,
[2/(t5) — 2/ (t;)]¢ = Trz(ty))¢ = /07T Jk(g,z(s,tk))ds, k=1,2,..,n, (7)

where ¢D{ is the Caputo fractional partial derivative of order 1 < q < 2. ¢, c?k are continuous for
k=1,2.,nand C;, D;, i = 1,2,...,m are fixed numbers. Define the operator m : H™ — H by
m(z,, 2y, ...,ztm)(t):g: Ciz(t; +t),z € B, t € (—0,0] and |m(")|%, < G. I and I, : H — H are
appropriate functions.z:LOet 0=ty <t <ty <..<t, <bbe the given time points and the symbol
Az(t) represents the jump of the function z at ¢ defined by Az(t) = z(¢tT) — 2(¢t7). Also w(t) denotes
a standard one-dimensional Wiener process defined on a stochastic basis (2,5, {§:},P). To write the
above system (7) into the abstract form (1), we can choose the space H = L5([0, 7]). B is the phase
space. Define A : D(A) C H — H by Az = 2", with the domain D(A) = {x € H : x, 2’ are absolutely

continuous, # € H and z(0) = z(r) = 0}. In particular Az=>" —n?(z, e, )en, 2 € D(A). Then A is

n=1

(o]
the infinitesimal generator of a strongly continuous cosine family C(t)x=>_ cos(nt){z,e,)e,, t € R
n=1

and the associated sine family in H defined by S(t)z= > %(m)@, €n)en, t € R. From [33], for all

n=1

x € H, t € R, |SH)] < 1and ||C(t)]] < 1. Hence A consists of eigen values n for n € N, with
associated eigen vectors en(x):\/%sm(na:), n € N.

For (t,¢) € J x B, we have p(0)(-) = ¢(0,-) and ¢'(0)(-) = £(0,-), (6,-) € (—o0,0] x [0,7]. Let
2(t)(+) = z(t,-). Let (Q,F,P) be a complete probability space and {K(t) : t € J} is a Poisson point
process taking values in the space K = [0,00) with a o-finite intensity measure A(dy). The Poisson
counting measure N (dt, dy) is induced by K () and the compensating martingale measure is denoted
by N(dt,dy):=N(dt,dy) — dt\(dy).

For q € (1,2), A generates a strongly continuous cosine family C(t), it follows from the subordi-

nate principle (see Theorem 3.1, [7]) that A generates a strongly continuous exponentially bounded

fractional cosine family C,(¢) such that Cy(0) = I and

G = [ ugICs)ds >0

where cpt,%(s)zt_%Qg(St_%) and
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o9(z) = Z n!F(_(ﬁnxj_nl —5) (0<6<1).

n=0

Assume that the continuous functions f: JxB — H, k1 : Jx JxB—H,g:JxB— Lo(K, H),
h:JxBxZ— H, I, and I}, : H— H are defined by

t

f@¢ﬂﬂ02hﬁw@0%%/aﬂ@MQO®,tZQC€mmL

— 00

t

gww«r3/m@M&%w@om@xtzage&@

— 00

t

Mt@@%:/aA&%MQKMstszGMﬂ,

— 00

thO=[T&&w@®M& F=1,2 . C € (0,7,

Ii()(¢) = /07T c/l\k(C,@(s,O))ds, k=1,2,..,n,¢ €0,

We have the following assumptions

(A1) The function ¢ — ag(t,¢) is continuous for each ¢ € R with ag(¢,{) < —dp(dg > 0) for all
¢ €10,7].
(A2) The function k; : R® — R is continuous there is a continuous and integrable function m : R —

[0, 00) such that
|k‘1(t,x,y)\ < m(t)(|x\ + |y|)>t >0, (t,x,y) € RS'

(A3) The function ay : R* — R is completely continuous and there is a continuous function a :

R? — R such that
lax(t, s, z,y)| < alt,s)|z], (t, s,2,y) € RY.

(A4) Also the function as(t,s,x,y) : R* — R is continuous, strongly measurable and |a(t,s)|? <

~v1a(s) for an integrable function o : R — [0, 00) and a constant «; such that

Ellaa(t, s, z,9)|% < via(s)Q(|z]), liminf

T—00

= v < Q0.

Ql(T)
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(A5) There exists a continuous functions m; : J — [0, 00) and a continuous non-decreasing function
W :[0,00) —

(0, 00) such that for every (¢,p,y) € J x B x H, we have

L W(r
£t )l < m@W (el + ). Tmint 7 = ) < o0

(A6) Using example 1.1, we have

£ (t, o) ~ St o)y =E K/
<E (/(/a(t,s)|g01(s)—<p2(s)|ds> dx)

0

/ as(t, s,1(8),y)ds — aa(t, s, p2(s),y)ds

— 00

™
| S|
(™)

0 —o0
([ a2 \*( ] 12
SE_(l Eés)ds) <4 h(s)|le1(s) — @2(9)]l ds) ]
0 % )
< My [|¢(0>+ (/E(s)wl(s)_%(s)”%S) ]

< Mgllpr = o213

N

0
for all (¢,¢1),(t,p2) € J x B, where My = ( Il % ) ds) < 0.
— o0
(A7) For all (¢,¢) € J x B, we have

E”g(’fa‘%’)H%ZE[(/ /bz(t)b:s(S)w(S)(w))ds ]dm> 1

<ol ([ [ eneone) o) |
gE_w&(/(w ) (/h el nw>]

0 1.2
< M, [|<P(0)| + < / h(8)||90(5)||2d5> ]
< Myllell,

1
2
where M, = ( f (b?’}(LE: ) < 00.
IJSER © 2021
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(A8) Also there exists continuous function mg : J — [0, 00) and continuous non-decreasing function

Q5 : [0,00) — (0,00) such that for every (t,¢) € J x B, we have

Q
B[, 0.m)l3 < ma()a(lel?).  Tmint 2T 0y < oo

T—00

(A9) The function ¢ : R — R is continuous such that Mg, = (fi)oo st)f < 00, for

every k=1,2...n

[N

(A10) The function di : R — R is continuous such that Mgz = (fi)oo (E’“(Ciﬁ“"(%wds) < o0, for

every k=1,2...n

Moreover, the maps f, g, b ,I and I) are bounded linear operators such that || f||* < My, |g* <
My, [[B]1* < Ny, [[1k]|* < Mg, and ||[I[|* < Mg
Now for ¢ = 2, we have

IAT, (t = 5)[1> < | AT Cylt — )12

<| dtﬂf EAEOIE

< Dy Cy ()]

“B00,(t - 5))?

< [I°DCa (1)

< [lee1(s)C(s)II?

(=1)"s" ’ ’ (0<6<1).

< lleea@)IF =1t er (st = H t = (1 — (n+0))

It is clear that the fractional differential system (2) is approximately controllable on J for ¢ = 2.
Hence for ¢ = 2 with the above choices, the system (7) can be rewritten to the abstract form (1) and
all the conditions of Theorem 2.11 and Theorem 2.12 are satisfied. Thus there exists mild soluti8ns
for the system (7). Moreover all the conditions of Theorem 2.13 are satisfied and hence the fractional

stochastic differential system with Poisson jumps (7) is approximately controllable on J.
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